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EIongationaI Flow Behavior 
of Viscoelastic Liquids: 

Part 1. Modehg of Bubble Collapse 

A spherically collapsing gas bubble will create a uniaxiaI extension of 
t h  fluid surrounding it. This flow may be readily analyzed, and it is pos- 
sible to relate observed experimental parameters such as the pressure inside 
the bubble and the bubble collapse rate to the predictions of viscoelastic 
constitutive relations. This study compares the predictions of the Newtonian 
fluid and a viscoelastic model to observed bubble collapse in three fluids: 
one Newtonian fluid and two viscoelastic polymer solutions. Good agree- 
ment between data and the model was observed for the Newtonian experi- 
ments. The viscoelastic solutions, however, yielded rates of collapse which 
were greater than the Newtonian predictions based on equal zero-shear 
viscosity. Subsequent modeling with a modified corotational Maxwell fluid 
yielded good agreement with the data for the transient elongational re- 
sponse in the viscoelastic solutions. 
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SCOPE 
The behavior of viscoelastic fluids in elongation is of extrusion, and certain coating and calendering operations. 

special importance in such industrial processes as fiber TO date, very little is known about the behavior of visco- 
‘pinning, vacuum film elastic fluids in elongation. A particular void exists for 
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The goal of this study is to develop a method for ob- 
serving the response of polymer solutions and low viscos- 
ity melts to an elongational deformation which may be 
readily analyzed with existing viscoelastic constitutive re- 
lations. If we use the elongational flow induced by a col- 
lapsing gas bubble in a fluid of interest, valuable informa- 

tion concerning the transient elongational behavior of 
such fluids can be obtained. Comparison of this elonga- 
tional behavior to the predictions of various constitutive 
models can then be used to discriminate among models 
which are otherwise indistinguishable on the basis of shear 
experiments alone, 

CONCLUSIONS AND SIGNIFICANCE 

The use of bubble collapse is a viable means to study 
the elongational flow behavior of polymer solutions and 
low viscosity melts. The flow has the added advantage of 
being easily analyzed in terms of existing fluid constitutive 
models so that observable system parameters may be re- 
lated to predictions of these models. It is hoped that the 

results of this. study will lead to more work of a similar 
nature with fluids which are well defined in a macromo- 
lecular sense, so the results may be compared to and used 
in conjunction with the several available molecular and 
entanglement constitutive models. 

The modern rheologist, and the polymer process de- 
signer, rely heavily on data obtained from simple shear or 
viscometric flow instruments in an attempt to predict the 
behavior of polymeric fluids in industrially important flows. 
Many commercial processes, however, involve deforma- 
tions which are quite unlike those attained in viscometric 
instruments, and hence these processes are not well de- 
scribed by parameters obtained through viscometric, sim- 
ple shear experiments. 

I t  is important, then, to be able to achieve well-defined 
deformations other than simple shear not only from the 
viewpoint of industrial applications, but also because the 
behavior of materials in flows other than simple shear can 
shed light on the nature of the deformation process in ma- 
terials. This is particularly true in the attempt of rheolo- 
gists to write relatively simple, yet reasonably complete, 
constitutive equations for viscoelastic fluids. Among a 
variety of constitutive equations proposed for polymeric 
fluids, many lead to identical predictions for behavior un- 
der viscometric conditions. This type of degeneracy can 
be removed, in some cases, through the study of non- 
viscometric flows. 

One such nonviscometric flow, which is of considerable 
importance industrially, is the extensional or elongational 
flow. Middleman (1968) defines such flows in terms of the 
rate of deformation tensor A. A uniaxial elongational flow 
may be defined by a velocity field 

and 
fJ = C f J l ( X l ) ,  0901 (1)  

A = i  0 -1 (2)  
0 I: 0 -HI 

The elongational viscosity is defined as the ratio of the 
primary normal stress difference 711 - 722 to the elonga- 
tion rate i: 

Inherent to the definition of viscosity is that Equation (3)  
only apply to steady state kinematics and dynamics. Dealy 
(1971) offers a review of several other types of elonga- 
tional flows. 

A variety of industrial processes involve elongational 
flows. These include fiber spinning, blow molding, vacuum 
forming, tubular film extrusion, and certain types of coat- 
ing and calendering operations. Despite its industrial im- 
portance, relatively little has been achieved in the study 
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of elongational flow. A major obstacle has been the desi n 

true with regard to relatively low viscosity fluids, say shear 
viscosities less than lo4 poise, and thus most polymer solu- 
tions and molten polymers of importance have not been 
examined with respect to their elongational behavior. In- 
deed, relatively little data exist at all for any fluids. 

The goal of the work described herein is the develop- 
ment of an experimental system, and the requisite theoreti- 
cal modeling, to allow quantitative determination of elon- 
gational behavior in solutions of polymers and in low vis- 
cosity molten polymers. Specifically, the task set is to study 
the collapse of spherical bubbles of air within the fluids of 
interest. Spherical bubble collapse creates a uniaxial elon- 
gational flow. It will be demonstrated that it is possible 
to determine both the kinematics and the dynamics of 
this flow and hence to utilize this information in a study 
of the elongational rheology of relatively low viscosity 
polymeric fluids. This paper considers only certain aspects 
of the theoretical study and presents illustrative transient 
data. A more detailed study, including several models of 
the transient elongational behavior and a complete com- 
pilation of data, is given in Pearson (1976). The transient 
results will be interpreted in terms of elongational viscosity 
behavior in subsequent communications. 

REVIEW OF RELATED STUDIES 

Owing to the importance of elongational flow, indus- 
trially and rheologically, there has been considerable activ- 
ity towards experimentally determining elongational behav- 
ior for a variety of polymeric fluids. Principally, a great 
deal of effort has been focused on techniques which might 
measure elongational viscosity as a function of strain rate, 
much as the cone and plate experiment measures the vis- 
cometric functions. There are two classes of experiments 
which have been successful in this endeavor, both using 
very high viscosity polymer melts (qo > lo6 poise) at rela- 
tively low rates of strain ( d  < 10-1 s-*) .  While there have 
been two very good reviews of the literature (Dealy, 1971; 
Cogswell, 1975), it is instructive to summarize the major 
results of past experiments in order to put the present work 
in proper perspective. 

The rod pulling experiments form the first class. Follow- 
ing the work of Trouton (1906) who studied Newtonian 
materials, the behavior of several polymer melts has been 
investiqated. Most of the studies conclude that qe is rela- 
tively insensitive to strain rate as exemplified by the work 
of Ballman (1965) and Vinogradov et al. (1972) for poly- 

of a well-defined experiment. This has been particular 5 y 
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THEORY 

An example of simple elongational flow is presented by 
the inflation or collapse of a spherical gas bubble com- 
pletely surrounded by fluid. If, as in Figure 1, we imagine 
a bubble of gas surrounded by a sea of fluid of interest, 
then collapse of the bubble in a spherically symmetric 
manner will create a uniaxial elongational flow in the fluid. 

In order to obtain rheological information for the fluid, 
the kinematic and dynamic variables must be related to 
measurable experimental parameters. The kinematics are 
completely specified by the continuity equation for incom- 
pressible materials which leads directly to 

% = f ( t ) / r Z  = R ~ R / T ~  (4) 

as the only nonzero component of the velocity vector. The 
second part of Equation (4) follows from knowing that the 
bubble wall velocity [at r = R ( t ) ]  is R = dR/dt.  From 
Middleman (1968), the rate of deformation tensor in 
spherical coordinates is 

Fig. 1. Bubble geometry for a single spherical bubble surrounded 
by an infinite sea of fluid. 

styrene, Vinogradov et  al. (1970) for polyisobutylene, 
Stevenson ( 1972) for an isobutylene-isoprene copolymer, 
and Cogswell ( 1969) for polymethylmethacrylate. More 
recently, Peng and Landel (1974) and Bailey (1974), 
both using polyisobutylene, find a decrease of qe with in- 
creasing strain rates. 

Contrasted to the work on polyisobutylene is that of 
Cogswell ( 1969) and Meissner (1972), who both indicate 
that for low density polyethylene, the elongational vis- 
cosity increases with strain rate. Meissner's work with the 
rotational clamp comprises a set of transient elongations 
at constant strain rate. The interpretation that 9 i ncreases 
with strain rate comes from the fit of the transient stress 
by the Lodge Rubberlike Liquid (Chang and Lodge, 
1972). 

A second major class of experiments successfully used to 
measure elongational viscosity is based on the work of 
Denson and Gallo (1971) concerning bubble inflation. The 
inflation of a hemispherical bubble can be used to study 
the biaxial elongation of a polymer melt of high viscosity. 
For polyisobutylene, T e b  (the biaxial elongational viscos- 
ity) decreases with increasing elongation rate. Maerker 
and Schowalter (1974) have shown it is possible to use 
lower viscosity materials, again polyisobutylene, and 
achieve strain rates approaching 1 s-l. They observe first 
a slight decrease in ?)eb and then an increase with strain 
rate. 

Several other methods have been used in attempts to 
measure elongational behavior with less success than the 
two mentioned above, The principal problems have been 
attainment of steady state stress and strain rate in a La- 
grangian sense and creation of a well-defined flow field. 
Among the more promising methods proposed is the rotat- 
ing drop technique of Hsu and Flumerfelt ( 1975). Based 
on a method for determining interfacial tension developed 
by Princen (1967), a drop of the fluid to be studied is 
carefully placed along the axis of a cylinder containing an 
immiscible Newtonian fluid of lower viscosity and higher 
density. The cylinder is then rotated about its axis in a 
manner programmed to produce the desired strain be- 
havior. 

Obviously, a reliable technique should be developed for 
studying elongational flow behavior over as wide a range 
of strain rates as possible. In particular, a need exists to 
use lower viscosity materials as well as higher strain rates 
than is possible with either the tensile testing (rod pulling) 
apparatus or the bubble inflation method of Denson. In 
developing such a technique, it is important to include a 
complete mathematical treatment of the transient aspects 
of the flow. Consideration of elongational flow transients is 
desirable not only because of the difficulty of designing 
steady state experiments, but also because the industrial 
flow fields, for which the knowledge of fluid behavior is 
desired, are rarely of a steady state nature. 

The rate of deformation tensor for the fluid surrounding 
the bubble is then given by Equation (2),  with 

i = - 2 ~ 2 R h 3  (6) 

The dynamics of the system are governed by conserva- 
tion of momentum in the radial direction 

where 

Replacing the velocity in Equation (7)  with Equation (4)  
and integrating from the bubble wall to infinity, one finds 
that Equation (7)  becomes 

p (  R R + - R R 2 ) = P L - P . + J R m  3 [ V . - c ] , d r  ( 8 )  
2 

Equation (8) is a general form of Rayleigh's equation 
(Lamb 1945) when the fluid is considered to exert a finite 
stress due to motion. 

The fluid pressure PL at the bubble surface can be re- 
lated to the more easily measured pressure inside the 
bubble PG by accounting for the continuity of normal 
stress at the bubble wall: 

(9)  
2cJ 
R 

-PG f TCRR = -PL + TLRR - - 

The pressure P G  is the average gas pressure within the 
bubble if we assume complete homogeneity in the gas 
phase. Since T ~ R R  represcnts the dynamic stress due to a 
gas of low viscosity, it may be safely neglected. 

Upon substituting for PL in Equation ( 8 ) ,  one finds 
that the equation describing bubble deformation becomes 

p (iZi+3iP) = P G - P - - -  2u 
2 R 
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TABLE 1. MATERIAL FUNCTIONS FOR THE MZFD FLUID 
[(EQUATION (IS)] 

h 
I- 

where l e t  = 
1 + hVLZ1 

2 A  

In obtaining Equation ( lo ) ,  angular symmetry was used 
to evaluate the divergence of the stress field in the radial 
direction. 

By substituting into Equation (10) the constitutive re- 
lationship between deviatoric stress and deformation, one 
can then describe elongational flow surrounding the bubble 
for any type of fluid. In some instances, Equation (10) 
leads directly to a prediction of bubble radius as a func- 
tion of time. Such is the case for the generalized New- 
tonian fluid (GNF), defined by 

T F T A  (11) 
where 11 is a scalar function of the first three invariants 
of the rate of deformation tensor A: 

q = 7 (IA, I I A ,  IIIA) (12) 
In practice, since I* = 0 for incompressible fluids, and 
since there are no precedents for including IIIA, we shall 
specify q as a function only of IIa. One can easily see 
that the GNF reduces to the Newtonian fluid if the vis- 
cosity is independent of the rate of deformation. 

Because the fluids used in this study are fairly viscous 
(qo - 103 P ) ,  inertial effects will be neglected. The mag- 
nitude of system and fluid parameters such that inertia 
may be ignored for Newtonian materials has been previ- 
ously estimated (Pearson, 1974). From Equation ( l o ) ,  
then, we find in the absence of inertia 

dr (13) 
20 TW - Tee 

R 

For the GNF, it is evident that incompressibility implies 
that t r ( r )  = 0, so 

rrr - re8 = 3/2 r r r  

and 
P G - P m - - = - 3 $ : I d r  2a rtr 

Substituting the constitutive relation [Equation ( 11) ] 
into Equation (15) and integrating by parts, we get 

-7RR = P G  - P,  - - - 4R2R S" 7s dr (16) 

where T R R  is the radial normal stress at the bubble wall, 
which is related to the bubble strain rate by 

(14) 

(15) R 

2u 

R 

Thus, if q is given as a function of l l ~ ,  then the integral 
in Equation (16) will be some function of R ( t ) ,  and 
Equation (16) will be an integro-differential equation for 
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R(t )  , the solution of which will depend upon Pc ( t )  and, 
of course, the parameters that appear in the constitutive 
equation. The applicability of any generalized Newtonian 
fluid model to transient elongational flow can then be 
tested. 

It is desirable to be able to evaluate Equation (13) with 
viscoelastic as well as with purely viscous constitutive 
forms. One useful model of viscoelasticity may be obtained 
by a slight modification of the Zaremba-Fromm-Dewitt 
(ZFD) h i d  discussed by Bird and his co-workers ( 1974). 
Analogous to the White-Metzner fluid, allow the ZFD fluid 
to become 

D T i j  
7" + Xef - = qefAff 

Dt (18) 

where 

x 

[We note that bubble collapse creates an irrotational flow, 
for which the components of w in Equation (19) vanish 
identically.] The material functions for this model are 
given in Table 1. The method used to choose the material 
constants is discussed in the appendix. Of particular sig- 
nificance is the fact that this model predicts qe to be a 
decreasing function of strain rate. 

In spherical coordinates the stress difference rrr - roe is 
given by 

a (rrr - Tee) R2R a (rm - Tee)  
f -  

at r2 ar 

(22) 
T 7 r - w  - - %ef R ~ A  +---- 

Xef Aef r3 
This partial differential equation may be reduced to an 
ordinary differential equation by applying the following 
coordinate transformation 

t + f  (23) 

(24 )  1/3 [@ - R3(t)]  + 
due to Epstein and Plesset ( 1950) and later used by Street 
(1968), Fogler and Goddard (1970), Zana and Leal 
(1975), and Ting (1975) in problems similar to this one. 
The resulting expression for stress is 

(25) 
d ( q E  - T e e )  T E E  - Tee - - 47ef R2R --- 

Aef 3 t  + R3 
+ 

dt' hef 

where the B coordinate is unchanged in the transformation, 
and rCi represents the deviatoric stress in the new coordi- 
nate system. Equation (13) in the new coordinate system 
becomes 

For a given strain program, Equations (25) and (26) may 
be integrated numerically to yield predictions of the time 
dependent bubble pressure function a, which we define as 

The exact details of this integration are available elsewhere 
( Pearson, 1976). 
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I' 

Bubble injection 
system 

Fig. 2. Typical equipment setup for experimentation. 

I 
Fig. 3. Sketch of typical experimental bubble shape showing dimen- 

sions needed for the data analysis. 

EXPERIMENTAL 

The experimental apparatus used for studying bubble 
collapse is shown schematically in Figure 2. The bubble 
was supported by a Teflon@ capillary in an acrylic box, 
roughly 10 cm3. Capillaries were available in several sizes 
ranging from 0.04572 to 0.269 cm I.D. with 0.1194 cm 
being used most frequently. The camera used to film the 
bubble motion was a high speed 16 mm motion picture 
camera capable of filming at speeds of 300 to 900 frames/s. 

The collapse of the bubble was controlled in this set of 
experiments by the pressure applied to the bubble after 
it had been initially formed. The simplest form of pressure 
program is a step change. The bubble prior to collapse is 
stationary with an equilibrium pressure P o  balancing hy- 
drostatic and surface tension effects. At t = 0, the solenoid 
valve is energized, which applies a constant pressure PR 
from the reservoir. For collapse, P R  is less than Po. Pres- 
sure in the reservoir was measured with a differential ma- 
nometer. Typical reservoir pressures were between 0 and 5 
cm of water gauge. All runs were made at constant reser- 
voir pressure conditions. 

Before a filming session, the particular fluid studied is 
placed in the sample box with a positive pressure supplied 
to the capillary by a standard syringe pump, keeping the 
capillary free of fluid and also serving to saturate the 
solution with air. At the start of a run, the reservoir pres- 
sure P R  is set and several test bubbles are injected with 
a small 2 om3 syringe to test for conditions of collapse at 
the chosen value of PR and bubble size. Once the proper 
conditions are obtained, a final bubble is injected and 
brought to rest atop the capillary. At this point, one starts 
the camera and allows sufficient time for full speed to be 
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TABLE 2. PHYSICAL PROPERTIES OF THE POLYMER 
SOLUTIONS STUDIED 

PA* 
Silicone 0.98% (wt) HPCt 

Fluid oil in 50/50 glyc- 2.0% ( wt ) 
composition pure erine/water in water 

- > 106 7.4 ( 105) 
1.004 

[MvI 
p ( g/cmq 1 1.136 1.115 
u( dyne/cm) 23.6 62.2 41.8 
r l o ( p )  @ 25°C 344 2 240 620 

0 PA = polyacrylamide. + HPC = hydroxypropylcellulose. 

developed before energizing the solenoid valve to an open 
condition. Filming continues until the bubble collapses en- 
tirely. 

After the film is processed, the data of bubble radius 
and height of its center above the capillary as a function 
of time are taken from frame by frame projection of the 
film on a flat wall. Typical magnification ratios are gen- 
erally twenty five or more. Timing of the bubble sequence 
is achieved with an independent timing light generator 
which places a dot on the film every 0.01 s. 

The final step in processing the data is calculating ef- 
fective spherical radii and relating reservoir pressure to 
the pressure inside the bubble. As in the work of Szekely 
and Fang (1971), we found it necessary, owing to slightly 
nonspherical bubble shapes, to use an average radius de- 
fined as 

R = (D + hb) /2  (28) 

where D and hb are the diameter and the height of the 
bubble above the capillary, respectively. 

The bubble pressure PG may be evaluated by referring 
to Figure 3. With the bubble stationary, just prior to the 
start of an experiment, PG is 

PC = - P h  (29) 

where Ph is the average hydrostatic pressure at the bubble 
center pg(h  - s), s being the center height. At t = 0, the 
bubble experiences a step change in pressure. If there were 
no pressure loss, then PC = P o  - Ph. However, as Szekely 
and Fang have noted, PG in general will differ from Po by 
an amount APL due to a pressure drop in the small capil- 
lary. Using a quasi steady state analysis 

where L and ro are capillary dimensions, /LAIR the viscosity 
of air, and Q ( t )  the flow rate which may be directly re- 
lated to the bubble volume change with time, 4nR2R. The 
magnitude of this pressure drop is small for the collapse 
runs considered here and has been neglected. The magni- 
tude of APL can be significant for bubble growth, particu- 
larly when the bubble radius becomes large. 

Experiments were performed with three fluids: a silicone 
oil, a solution of polyacrylamide in water and glycerine 
(PA), and a solution of hydroxypropylcellulose in water 
(HPC) . For characterization purposes, density, surface 
tension, and viscometric data were necessary. Since the 
fluids were moderately viscous, surface tension was mea- 
sured by the pendant drop technique. Table 2 shows the 
values obtained for density and surface tension as well as 
the solution composition for the three fluids. Viscometric 
data, consisting of the shear viscosity, first normal stress 
difference, and dynamic viscosity are shown in Figures 4, 
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Fig. 4. Shear viscosity of silicone oil at 20°C. 
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Fig. 5. Viscosity, normal stress difference, and dynamic viscosity for 
the hydroxypropylcellulose solution. Curves correspond to modified 

ZFD fluid with parameters from Table 3. 

a 
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Fig. 6. Viscosity, normal stress difference, and dynamic viscosity 
for the polyacrylamide solution. Curves correspond to modified ZFD 

fluid with parameters from Table 3. 

5, and 6. Only shear viscosity data are given for the sili- 
cone oil, since it was found to be a Newtonian fluid. 

RESULTS AND DISCUSSION 

The first tests were made with silicone oil, chosen since 
it may be modeled as a Newtonian fluid. The physical as- 
sumptions used in deriving the basic model of bubble col- 
lapse could then be checked using a simple fluid constitu- 
tive relation. From Equation (15), for a Newtonian fiuid, 
the bubble radius as a function of time is found to be the 
solution to 

Y PG - 2u/RoY -= (31) 
Y 4.11, 
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TABLE 3.  MATERIAL CONSTANTS FOR THE MZFD FLUID 

HPC PA 

r l o ( P )  620.0 2240.0 
U S )  0.48 66.0 
a 0.76 0.32 
m 1.5 0.70 

where Y = R/R ,  is a normalized bubble radius. For the 
experiment described above, P G  is given by 

Pc = Po - Pr. = Po - p g ( h  - S) (32) 
( P ,  is used as the reference pressure atmospheric), 

A typical run for silicone oil is shown in Figure 7. The 
agreement between the model and data is encouraging 
and justifies the assumptions made in modeling the proc- 
ess. 

Figure 8 shows experimental data for bubble radius as 
a function of time for two runs in the HPC solution com- 
pared to the predictions of the Kewtonian model. It is 
obvious that for this viscoelastic fluid the Newtonian model 
is not adequate to predict fluid response. Furthermore, the 
use of a purely viscous model with parameters selected to 
fit shear viscosity data does not yield an appreciably better 
representation of the collapse data. Hence, modeling with 
viscoelastic constitutive relations is examined. 

Owing to the nature of the experiment, that is, pressure 
step change, an initial condition on stress is necessary for 
solution of the equations for the viscoelastic fluid. We have 
found that the particular initial condition chosen has little 
effect upon the predictions for @ ( t )  (Pearson, 1976), so 
we assume that at t = Of, the stress distribution from the 
bubble wall to M is identical to a Newtonian distribution 

ooI 0 5  10 

Time (5) 
Fig. 7. Comparison of bubble collapse data for silicone oil to 

Equation (31) describing collapse in a Newtonion fluid. 

0.5 
0.5 

Time ( 5 )  

Fig. 8. Prediction of Y (t) using the Newtonian fluid model com- 
pared to data for the HPC solution. 

September, 1977 Page 7 1 9  



0.4 I I I J 
0 0.5 1.0 1.5 2.0 

Time ( 5 )  

Fig. 4. Semilogarithmic plot of Y ( t )  vs. time showing constant 
strain rate conditions obtained for the HPC solution. 

I I 
I .0 2.0 

Time ( 5 )  

Fig. 11. Experimental data for 3/2 %(t)  vs. time compared to the 
prediction of the modified ZFD fluid for the HPC solution, Y/Y = 

-0.14 S-1. 

1000 , 

0 0  ,I0 20 30 40 

Time ( 5 )  

Fig. 13. Experiment01 data for 3/2 %(t)  vs. time compared to the 
predictions of the modified ZFD fluid for the PA solution, Y/Y = 

-0.82 s-1. 

(34) 
where 

3 
2 

'ir55[5=o,t=o+ = - - [ P o  - pg ( h  - s) - 2u/R,] 

( 3 5 )  
Figures 9 and 10 show data for bubble radius as a func- 

tion of time for runs in both the HPC and the PA solu- 
tions. Also shown are the fit of these data with simple ex- 
ponential forms which are readily substituted into Equa- 
tions (25) and (26) and integrated to give predictions of 
@ ( t ) .  One should note that this experiment does yield 
constant strain rate data. 

The result of this integration is shown in Figures 11 to 
14 compared to experimental data at various strain rates. 
It is seen that the modified ZFD model follows the ob- 
served eIongationa1 flow behavior quite well with the ma- 
terial constants as given in Table 3. Of particular impor- 
tance is that all the fluid material parameters were chosen 
from viscometric (shear) data, and, as shown in Figures 
5 and 6, the model gives a good representation of shear 
data as well. 

0.8 

j '  

0.6 

0.4 
0 0. I 0.2 0.3 

Time ( s )  

Fig. 10. Semilogarithmic plot of Y ( t )  vs. time showing constant 
strain rate conditions obtained for the PA solution. 
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Time ( 5 )  

Fig. 12. Experimental data for 3/2 +(f) vs. time compared to the 
predictions of the modified ZFD fluid for the HPC solution, Y / Y  

= -0.38 ~ 1 .  

500 

3L @ 
(d-cm-' )  

0 05 0.10 
Tune ( 5 )  

Fig. 14. Experimental data for 3/2 *( t )  vs. time compared to the 
predictions of the modified ZFD fluid for the PA solution, Y / Y  = 

-3.31 S-1. 

One is led to speculate, from the agreement obtained 
using the modified ZFD model to fit transient elongational 
stress data, that the elongational viscosity for the two 
polymer solutions studied decreases with strain rate. Fur- 
ther support of this speculation comes from comparing the 
stress data to predictions of viscoelastic models which lead 
to increasing v e ( i ) .  We found these models (Pearson, 
1976) in all cases to give significantly poorer fits of the 
transient data. The transient data, in several cases, are at 
high enough strain rates that the difference between pre- 
dictions of stretch thinning and stretch thickening models 
is significant. 
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time variable, s 
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relaxation time, s 
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viscosity of air, p 
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tem, cm3 
stress tensor in moving coordinate system, dyne- 
cm-2 
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surface tension, dyne-cm-’ 
stress tensor, dyne-cm-2 
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vorticity tensor = [Vu - ( Vu) 
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APPENDIX 

The modified Zaremba-Fromm-Dewitt fluid has four ma- 
terial constants, all readily determined from a combination of 
steady and small amplitude sinusoidal shear data. The zero 
shear viscosity qlo is the linear viscoelnstic limit for both q’ and 
9. The relaxation time 1, may be obtained in a number of ways. 
For this work, we assume that 1, is identical to the maximum 
relaxation time from the Rouse theory. Many constitutive re- 
lations reduce to an identical form for ?’( 0): 

Substituting a Rouse spectrum (Spriggs, 1965) into Equation 
( A l )  
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hn = An-' 

gn = qohn 1 2 hn 

(A2)  

(A31 

where Z( 01) is the Riemann Zeta function. The relaxation time 
h is readily obtained from Equation ( A 4 )  by a master curve 
technique. 

The final two fluid constants m and a are determined from 
steady shear viscosity data. The power law slope of the viscos- 
ity-shear rate curve is m, while a is obtained again by a master 

Manuscript received October 8, 1976; revision received July 6,  and 

n=l  

one obtains 
?o m curve technique. 

(A4) 
accepted July 7 ,  1977. 

q' = - 

Part II. Definition and Measurement of 

Apparent Elongational Viscosity 

The collapse of a single spherical gas bubble within a large body of 
fluid creates a uniaxial elongational flow in the surrounding fluid. Collapse 
under constant bubble pressure is observed to produce nearly constant strain 
rate kinematics. If the steady state stress at the bubble/fluid boundary could 
be measured, it would be possible to estimate the elongational viscosity of 
the fluid. 

Unfortunately the experiment does not yield the desired stress data, ex- 
cept in the special case of the Newtonian fluid. We are led to define an 
apparent elongational viscosity, and for specific constitutive models we can 
evaluate the deviation between the apparent and true viscosity. The experi- 
mental and theoretical work indicate that the apparent elongational viscosity 
provides a good estimate of true elongational viscosity for the two visco- 
elastic solutions studied so far. 

SCOPE 
The standard techniques for measuring elongational 

viscosity work only for highly viscous melts (?lo >lo6 P) 
and at  low strain rates (i <lo-' s-1). In  many cases of 
practical importance in the polymer processing industry, 
it is desirable to have elongational flow information for 
concentrated polymer solutions or low molecular weight 
polymer melts, both of which exhibit modest viscosities. 
As well, elongational behavior at higher strain rates must 
be studied. 

Collapse of a single spherical gas bubble in a sea of 

fluid will create a uniaxial extensional flow. For two con- 
centrated polymer solutions of moderate viscosity ( I ) ~  -110" 
P), constant strain rates of 10-1 to 10 s-1 were achieved. 
Through evaluation of the transient elongational flow be- 
havior, one can determine if the fluid studied exhibits 
stretch thickening or stretch thinning elongational viscos- 
ity, Assuming the latter, we present an evaluation of an 
apparent elongational viscosity as a function of strain rate 
for two solutions, The assumption that the fluids are 
stretch thinning is consistent with the data. 

CONCLUSIONS AND SIGNIFICANCE 
The bubble collapse experiment can be used to estimate 

the elongational viscosity of a concentrated polymer soh-  
tion. The actual measurement is of an apparent elonga- 
tional viscosity T J ~ , ~ ~ , , .  A comparison of T ~ , ~ ~ ~  data to the 
predictions of the Tanner-Simmons Rupture model and 

the modified corotational (Zaremba-Fromm-DeWitt) Max- 
well model was made, with good agreement exhibited for 
both viscoelastic solutions studied. The constitutive test 
was severe in that all material constants were fit using 
viscometric (shear flow) data prior to predicting qa(i). 

Part I of this paper dealt with certain aspects of the 
transient response of a viscoelastic fluid to an elongational 
flow (Pearson and Middleman, 1977). The collapse of 
a spherical gas bubble surrounded by an infinite sea of 

Correspondence concerning this paper should he addressed to Stanley 

fluid was analyzed using both purely viscous and visco- 
elastic constitutive models. Experiments were performed 
with Newtonian and viscoelastic solutions of moderate 
viscosity ( q o  - 1000 P ) .  Collapse of the bubble was 
induced by a rapid change of pressure within the bubble. 

New York 14650. photography of bubble collapse, the dynamics and kin- 
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